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Abstract— In this paper, the determination of the
first eccentricity of normal ellipsoid using fixed
point iteration is presented. The fixed point
approach is very simple to implement but
converges slowly. The paper adapted the classical
fixed point iteration to the form it can be applied
for the determination of the first eccentricity of
normal ellipsoid. Numerical example was
presented with initial value of first eccentricity,
e? = 0.0067092813931123 According to the
results, with an error tolerance set at the order of
10715, it took about 25 cycles for the fixed point
iterations to converge to e? =

0.00669438002293408  with  error of -
9.2703622556201x10-15. At the convergence point

the  first  eccentricity, e = Ver=
0.0818191910430192 while the second
eccentricity, e = 0.0820944381521227. In all, the
fixed point iteration method was found to be
effective in the determination of the first
eccentricity of normal ellipsoid to a very high level
of precision. However, the convergence
performance of the fixed point iteration method
was found to be poor. Other fast convergence

Consequently, in this paper the Fixed Point Iteration
(FPI) method is used to determine the first eccentricity
of geocentric equipotential ellipsoid
[17,18,19,20,21,22,23]. The FPI algorithm is
presented along with numerical example and error
performance analysis. Mathlab program was used for
the implementation of the ideas presented in the
paper.

2. METHODOLOGY

According to [24], the analytical formula for computing the
first eccentricity, e of normal ellipsoid is

¢ =3+ 5 () 6] @

Where the parameters in Eq 1 are the geocentric
gravitational constant of the normal ellipsoid given in Table
1 while g, is defined s;

q4 = %[(1 + eiz) tan~1(e) — ei] 2

e = (3)

1-e2

Table 1 The geocentric gravitational constant of the normal

methods are recommended, especially when ellipsoid
precision values of the first eccentricity of normal
ellipsoid is required. Parameter Symbol Value
Description
Keywords— First Eccentricity , Numerical lteration, 1| angular velocity w 7.292115x10°°
Normal Ellipsoid , Fixed-point Iteration, Convergence 2 equatorial earth a 6378137 km
Cycle, Second Eccentricity radius
3 | earth’s dynamic I» 1.08263 x 1073
form factor
1. INTRODUCTION .
In planetary studies, the earth's shape is modeled as 4 geocentric GM 3'986025§1014
an ellipsoid [1,2,3,4,5]. Basically, an ellipsoid is grz\é'r:gtt;?al m*/s%,

generated by rotating an ellipse about one of its axes
[6,7,8,9,10,11]. Specifically, the earth is modeled as
an equipotential ellipsoid, which is an equipotential
surface [12,13,14,15,16]. In the Geodetic Reference
System, the equipotential ellipsoid model is defined
by the following constants; angular velocity, equatorial
earth radius, earth’s dynamic form factor and
geocentric gravitational constant. In addition, the
constants are used to determine the first eccentricity
which is a fundamental parameter for the
determination of several other parameters of the
geocentric equipotential ellipsoid. However, the
equation relating the first eccentricity to the constants
is transcendental in nature. Hence, iterative approach
is required.

The solution to e? is obtained using iterative approach. An
initial iteration value, e2 has been suggested in [24]as ;

o?(a?)

oM 4)

For fixed point iteration, the expression for e? in Eq 1 is
restructured as

) =e {31, + =22 Gl

e =3+
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For the initial value, e the f(e2) becomes
2y — a2 _ 0?@3) [(4) (e
fleg) = e {3]2 * om (15) (Zqo)]} (©)
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Also, note that q, and e" are recalculated in terms of e,. If
f(e) >€ (€ is the tolerance error) , then Eq 6 is
recalculated with e = e# and the tolerance error is check
until the specified tolerance error is satisfied. The fixed
point iteration algorithm for the computation of e? is stated
as follows;

Step 1.: Input the values for the geocentric gravitational
constant of the normal ellipsoid

a = 6378137 km)

GM=3.986005 x 101* m3/s?,

J, = 1.08263 x 1073

w =7.292115 x 1075,
Step 2.: Input the tolerance error, e = 10~1*
Step 3.: calculate initial guess value , e3

0?(a?)
X 3 + —

T (e22)

Step 4: calculate e,

'

&z
ep = ———
° J1-—e;

Step 5: calculate q,

1 3 , 3
90 = = [(1 + —2> tan~t(ey) — —,]
2 eg e
Step 6: calculate f(e3)

f(ed) =<t - {3+ “L2[(2) (D))}

Step 7: calculate f(e?)

et =3+ 0 () (G)]

Step 8: calculate e
e=+e?

Step 9: calculate e’
’ e
e =

1-e2
Step 10.: Check the tolerance error
Step 10.1: Iff(e?) > € Then

Step 10.2: el =e?
Step 10.3: Goto Step 4
Step 10.4: ELSE

Step 10.5: Output e?
Step 10.6: Output e
Step 10.7: Output e’

Step 10.6: EndlIf
Step 11.: Stop

3. RESULTS AND DISCUSSION

The result shows that the initial value of first eccentricity is
e2 =0.0067092813931123. The results of the fixed point
iteration solution are given in Table 1. The results in Table
1 also show the corresponding e  and q, for each e?.
According to the results, with an error tolerance set at the
order of 10715 it took about 25 cycles for the fixed point
iterations to converge to e?> = 0.00669438002293408 with
error of -9.2703622556201 xs10~1>, At the convergence
point the first eccentricity, e =
VeZz =  0.0818191910430192 while the  second
eccentricity, e’ = 0.0820944381521227 .

Table 1 The results of the fixed point iteration solution for the first eccentricity

2 ’

S/N e? e 9o e? f(e?)

! 0.00670928139311226 0.08218637298585400 0.00007359200105839 0.00669434684153947 -1.4934551572786E-05

2 0.00669434684153947 0.08209423332585720 0.00007334571152029 0.00669438009663534 3.3255095863681E-08

3 0.00669438009663534 0.08209443860707450 0.00007334625962585 0.00669438002274939 -7.3885950309383E-11

4 0.00669438002274939 0.08209443815098260 0.00007334625840727 0.00669438002295123 2.0184375004728E-13

> 0.00669438002295123 0.08209443815222860 0.00007334625841438 0.00669438002277323 -1.7800344531693E-13

6 0.00669438002277323 0.08209443815112980 0.00007334625841082 0.00669438002280270 2.9473819218584E-14

! 0.00669438002280270 0.08209443815131170 0.00007334625841082 0.00669438002282546 2.2762174090030E-14

8 0.00669438002282546 0.08209443815145220 0.00007334625841082 0.00669438002284304 1.7577085620335E-14

® 0.00669438002284304 0.08209443815156070 0.00007334625840727 0.00669438002302355 1.8051445754841E-13

H 0.00669438002302355 0.08209443815267500 0.00007334625841082 0.00669438002299602 -2.7537000457656E-14
1 0.00669438002299602 0.08209443815250500 0.00007334625841082 0.00669438002297475 -2.1266842453738E-14
13 0.00669438002297475 0.08209443815237380 0.00007334625841438 0.00669438002279139 -1.8336113877249E-13
1 0.00669438002279139 0.08209443815124190 0.00007334625841082 0.00669438002281673 2.5337371090117E-14
1 0.00669438002281673 0.08209443815139830 0.00007334625840727 0.00669438002300323 1.8650705979617E-13
10 0.00669438002300323 0.08209443815254960 0.00007334625841082 0.00669438002298032 -2.2910492947226E-14
v 0.00669438002298032 0.08209443815240820 0.00007334625841082 0.00669438002296263 -1.7690710008012E-14
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10 0.00669438002296263 0.08209443815229900 0.00007334625841082 0.00669438002294897 -1.3660947373317E-14
1 0.00669438002294897 0.08209443815221460 0.00007334625841438 0.00669438002277148 -1.7748996716804E-13
20 0.00669438002277148 0.08209443815111900 0.00007334625840727 0.00669438002296829 1.9681218460521E-13
2 0.00669438002296829 0.08209443815233390 0.00007334625841082 0.00669438002295334 -1.4950714277706E-14
i 0.00669438002295334 0.08209443815224160 0.00007334625841438 0.00669438002277486 -1.7848656580499E-13
2 0.00669438002277486 0.08209443815113980 0.00007334625840727 0.00669438002297090 1.9604283474362E-13
i 0.00669438002297090 0.08209443815235000 0.00007334625841082 0.00669438002295535 -1.5543989706490E-14
% 0.00669438002295535 0.08209443815225400 0.00007334625841082 0.00669438002294335 -1.2004286453760E-14
2 0.00669438002294335 0.08209443815217990 0.00007334625841082 0.00669438002293408 -9.2703622556201E-15

9. Ozdemir, M. (2016). An alternative approach

4 CONCLUSION

A fixed point iteration approach for the determination of the
first eccentricity of normal ellipsoid is presented. The fixed
point approach is quite simple but the results show that it
converges slowly. The numerical example presented in the
papers shows that it took 25 iterations before the algorithm
could arrive at the value of eccentricity with error tolerance
of about 10715,
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